Flexoelectricity is characterised by the coupling of the gradient of the deformation and the electrical polarization in a dielectric material. A novel micromorphic approach is presented to accommodate resulting higher-order gradient contributions arising in this highly-nonlinear and coupled problem within a classical finite element setting. The formulation accounts for all material and geometric nonlinearities, as well as the coupling between the mechanical, electrical and micromorphic fields. The highly-nonlinear system of governing equations are derived using the Dirichlet principle and solved using the finite element method. A series of numerical examples serve to elucidate the theory and to provide insight into this fascinating effect.
Introduction
In a piezoelectric material, an applied uniform strain can induce electric polarization (or vice versa). Crystallographic considerations restrict this important property to non-centrosymmetric systems. By contrast, flexoelectricity 1 is the property of an insulator whereby it polarizes when subjected to an inhomogeneous deformation (i.e. a strain gradient). The inhomogeneous deformation breaks the material's centrosymmetry, thereby allowing polarization in non-piezoelectric materials. Flexoelectricity can occur in materials of any symmetry, broadening the range of materials for use as actuators and sensors [1] . Flexoelectricity is therefore of considerable interest to the engineering community and is the subject of extensive research.
Flexoelectricity in solids was first identified by Mashkevich and Tolpygo [2, 3] and the theoretical foundations laid by Kogan [4] . Recent rapid advancements in the miniaturisation of fabricated components has stimulated substantial experimental research into the flexoelectric effect [5] [6] [7] as gradient effects are more pronounced at smaller length scales. Structures at small length scales can also exhibit a size-dependent mechanical response [see e.g. 8, 9] . Thus any representative model for flexoelectricity needs to account for both the coupling of the electrical response to a strain-gradient measure, and size-dependent mechanical effects. Reviews on flexoelectricity include [10] [11] [12] [13] [14] [15] [16] [17] .
The flexoelectric effect can be classified as direct or converse. Direct is when a strain gradient induces polarization; converse is when an electric field gradient induces a mechanical stress. The direct flexoelectric effect will allow novel piezoelectric composites containing no piezoelectric elements to be developed [13] . Flexoelectricity is also responsible for electromechanical behaviour in hard crystalline materials and underpins core mechanoelectric transduction phenomena in biomaterials [14] .
Classical continuum theories are unable to account for the size-dependent response exhibited by structures at small length scales. Extended continuum models have been actively developed over the past three decades to remedy this deficiency. A significant proportion of extended models are members of either the gradient or micromorphic frameworks. Micromorphic continua are characterised by additional degrees of freedom at each continuum point [18] [19] [20] . By contrast, gradient continua possess higher gradients of their primary fields [see 21, and the references therein].
Continuum models that capture the key physics of flexoelectricity for arbitrary geometries in three dimensions are limited. This is particularly true for soft dielectric materials that can undergo significant deformation. A central impediment to developing finite element models for flexoelectricity, or indeed gradient elasticity, is the requirement that the basis functions used to approximate the displacement field must be piecewise smooth and globally C 1 -continuous. This constraint arises as the partial differential equation governing the mechanical problem is of fourth-order. By contrast, one only requires a standard C 0 -continuous approximation for electroelasticity. C 1 -continuous finite element approximations for complex geometries in three space dimensions are limited [22] . Options include isogeometric analysis [23] , mixed formulations, discontinuous Galerkin approximations [24] , the natural element method [25] and other specialised element formulations, and meshless methods [26] .
Many of the aforementioned methods to generate C 1 -continuous finite element approximations have been used to model the problem of flexoelectricity. Abdollahi et al. [27] chose a meshless method. The analysis was restricted to two dimensions and to the linearised theory. They recently extended the formulation to three dimensions to provide new insight into the pyramid compression tests used to characterise the flexoelectric parameters. Related works include [28, 29] . Deng et al. [30] developed a nonlinear theory for flexoelectricity in soft materials and biological membranes. Numerical results were restricted to one space dimension. They used a fourth-order approximation for the displacement field. This however is not sufficient for a global C 1 -continuous finite element approximation. A mixed formulation based on theory of generalized (extended) continua was proposed by Mao et al. [31] . The mixed approach allowed the linearised gradient theory to be treated within a standard C 0 -continuous finite element setting. In a key contribution, Yvonnet and Liu [32] extended the nonlinear theory of electroelasticity [see e.g. [33] [34] [35] , and references therein] to account for the coupling between polarization and the gradient of the deformation gradient G -a third-order tensor. A non-standard, C 1 -continuous, Argyris-triangle-based finite element formulation was used. This restricts the approach to relatively simple geometries and two dimensions. In contrast to the majority of flexoelectricity models, the free space surrounding the continuum body was accounted for.
A major contribution of the work presented here is to model the scale-dependent effects that underpin flexoelectricity (the direct effect) using the micromorphic approach. The formulation is not restrictive and can handle arbitrary geometries in three space dimensions. We exploit the Dirichlet principle to uncover the relations governing the response of a (soft) dielectric material exhibiting flexoelectric effects. Both geometric and materials nonlinearities are accounted for. The framework is flexible and allows one to describe a range of related problems via an appropriate restriction of the constitutive parameters. Several forms for the flexoelectric energy are proposed.
The highly-nonlinear system of governing equations are solved approximately using the finite element method. A Newton-Raphson strategy is used to linearise the problem. The framework 2 is robust and exploits distributed parallelization and automatic differentiation to improve the efficiency and to simplify the implementation, respectively. The finite element model is implemented with the open-source library deal.II [36, 37] . The structure of the presentation is as follows. The theoretical background is presented in Sec. 2. This includes the kinematics of the macroscopic, micromorphic (microscopic) and electric problems. The governing equations and boundary conditions are then derived using the Dirichlet principle. Concrete forms for the constitutive relations are also given. Details of the monolithic finite element formulation are provided in Sec. 3. The theory is then elucidated via a series of numerical example problems in Sec. 4. The presentation concludes with a summary and discussion.
Notation
Direct notation is adopted throughout. Occasional use is made of index notation, the summation convention for repeated indices being implied. Indices associated with the reference configuration and the current configuration of the body are distinguished by the use of upperand lower-case font, respectively.
The scalar products of two vectors a and b, two second-order tensors A and B, and two third-order tensors Q and G are respectively denoted by
The conventional dyadic product of two vectors, and of two second-order tensors are respectively given by a ⊗ b = a i b j e i ⊗ e j and A ⊗ B = A i j B kl e i ⊗ e j ⊗ e k ⊗ e l ,
where e i ∈ R n dim and E I ∈ R n dim are the basis vectors of the Cartesian coordinate frame in the current (spatial) and reference (material) settings, respectively, and n dim is the space dimension. The upper and lower dyadic products of pairs of second-order tensors are respectively given by A⊗B = A ik B jl e i ⊗ e j ⊗ e k ⊗ e l and A⊗B = A il B jk e i ⊗ e j ⊗ e k ⊗ e l .
The second-order identity tensor is defined by
The action of a second-order tensor A on a vector b is the vector c defined by
The single contraction of two second-order tensors, A and B, is the second-order tensor C defined by
Micromorphic variables are distinguished from macroscopic quantities by an overline. Variables associated with the electrical problem are distinguished using blackboard bold. Further notation is introduced when required. 3
Theoretical background
The kinematics of the coupled problem of flexoelectricity are presented in Sec. 2.1. The Dirichlet principle is then employed to derive the governing equations and boundary conditions. Concrete forms for the constitutive relations are then provided.
Kinematics
The kinematic description of motion at the macroscopic scale is presented in Sec. 2.1.1. This is followed by the description of the micromorphic problem at the microscopic scale. The electric problem is then given. For more details on the formulation of coupled nonlinear electroelasticity, see [33, 38, 39] and for nonlinear micromorphic elasticity see [40] , and the references therein.
The macroscopic problem
Consider a continuum body B composed of matter as shown in Fig. 1 . The motion of B from its reference configuration B 0 to its current configuration B t is defined via the map x = ϕ(X, t), where x ∈ B t and X ∈ B 0 are physical points in the current and reference configurations, respectively. The boundary of the reference configuration is denoted by Γ 0 , with outward unit normal N. The invertible linear tangent map F (i.e. the deformation gradient) maps a line element dX in the reference configuration to a line element dx in the current configuration and is defined by the derivative of the motion with respect to the material placement; that is,
At equilibrium, the total potential energy of the system must be stationary with respect to arbitrary variations of the primary fields; that is
where the energetically-conjugate kinetic measures are defined in Table 1 .
density of free charge per unit area 0 It is convenient to decompose the macroscopic Piola stress P tot and the dielectric displacement D as follows:
was defined in Eq. (2). Here P is the ordinary Piola stress, P pol is the polarization stress, and P max is the Maxwell stress. D is the referential dielectric displacement, P is the referential polarization, and D is the dielectric displacement.
The elastic contribution to the energy density associated with matter ψ elast 0 (see Eq.
(2)) contains contributions from the macroscopic problem, the micromorphic problem and an additional scale-bridging contribution [see 41, for extensive details]; that is
It is convenient to define the spatial polarization by p := −D e ψ t , where ψ t := jψ 0 is the free enthalpy per unit volume of the current configuration, as the Piola transformation of the material polarization P = − D E E 0 , that is p = jϕ (P)
and Remark 2. The electric energy density E 0 is parametrised here in terms of the electric field E and the deformation gradient F. This is a common choice [see 38, for further details]. Yvonnet and Liu [32] in their work on flexoelectricity uses a mixed-type formulation where the electric energy density E 0 is parametrised by the spatial polarization p.
Governing equations and boundary conditions
The system of equations and boundary conditions governing the coupled problem of flexoelectricity and micromorphic elasticity are now derived.
The system of coupled governing equations (the Euler equations) is obtained by applying the divergence theorem to Eq. (4) and invoking the arbitrariness and independence of the variations δϕ, δF and δϕ, to obtain
Dirichlet conditions on the displacement ϕ, the micro-deformation F, and the electric potential ϕ are prescribed on the parts of the boundary
The superscript (•) pre denotes a prescribed function.
Remark 3. The physical meaning of a Dirichlet boundary condition on the micro-deformation F is not clear. We retain this possibility for the sake of completeness.
The various Neumann conditions on the respective subsets of Γ 0 follow as
Constitutive relations
Concrete examples for the various terms that comprise the total potential energy E in Eq. (3) are now given. The resulting expressions for the kinetic measures defined in Table 1 are given in Appendix A.
Elastic energy density
Following [34, 40] , the elastic energy density associated with matter ψ elast (5)) is assumed to be of the form
Here λ and µ are the Lame constants, ≥ 0 is the length-scale parameter and p ≥ 0 is a penaltylike parameter that couples the macro-and micro-deformation gradients. The free space electric permittivity constant 0 =8.854 187 817 × 
Electric energy density
The electric energy density is given by [see 35 ]
where η is a positive parameter.
Flexoelectric energy density
As discussed in Sec. 2.2, the flexoelectric contribution couples the third-order, mixed-variant micro-gradient G and the electric field. We propose here that the flexoelectric contribution takes the form
where υ := 0 υ is a positive parameter. The inclusion of the length scale increases the relative flexoelectric contribution for diminishing sample size (cf. Eq. (10)). The free space electric permittivity constant ensures that the contribution of the flexoelectric energy is of a similar order and structure to the electrical contributions in ψ mac 0 and E 0 , see Eq. (9) and Eq. (12), respectively. The pull-back of E via the micro-deformation is proposed to preclude direct coupling of the macroscale Piola stress P tot = D F U 0 and the microscale problem other than through the scalebridging energy in Eq. (11) (see Remark 1).
Remark 5. An alternative form of Eq. (13) would be
We note that G is a mixed-variant tensor that is contracted in ψ flexo 0 from the left by the covariant spatial electric field e = ϕ (E) and from the right by the contravariant material identity tensor I.
In the same spirit, a further logical proposal for the flexoelectric energy would be
Remark 6. The model of flexoelectricity proposed by Yvonnet and Liu [32] requires a C 1continuous finite element approximation. This is restrictive. The micromorphic approach proposed here requires standard C 0 continuity. To compare formulations, define the gradient of the deformation gradient by G = GradF = Grad[Gradϕ]. We note that as the penalty-like parameter p → ∞ in Eq. (11), G → G. Yvonnet and Liu define an internal energy to describe the gradient and the flexoelectric effect that takes the form
where YL ≥ 0 is a length scale and υ YL ≥ 0 is a constitutive parameter. Note that the units of υ and υ JY are clearly different. The first term in Eq. (14) is similar to the micromorphic energy in Eq. (10) but with a different choice of inner product. The second term is similar but reflects the choice of Yvonnet and Liu to select the polarization p as a primary field.
The micromorphic model of flexoelectricity allows a range of different problems to be addressed by modifying the parameters in the constitutive relations, as depicted in Fig. 2 . The schematic provides a convenient classification structure. FM-Elasticity denotes the problem of coupled flexoelectricity and micromorphic elasticity. As the penalty penalty-like parameter p → ∞ we recover coupled flexoelectricity and gradient elasticity, denoted FG-Elasticity. By setting the flexoelectric parameter υ → 0 we obtain the problem of coupled electro-micromorphic elasticity, denoted EM-Elasticity. Note that by this definition, flexoelectric effects are absent in EM-Elasticity. The problem of coupled gradient electro-elasticity is obtained from EM-Elasticity as p → ∞. In addition micromorphic elasticity (M-Elasticity) and electro-elasticity (E-Elasticity) are obtained from EM-Elasticity as 0 → 0, and as → 0 and p → 0, respectively. In the same spirit, we recover gradient elasticity from M-Elasticity as p → ∞. Finally, we obtain the standard problem of nonlinear elasticity from M-Elasticity as → 0 and p → 0, and from E-elasticity as
Henceforth for the choice of ≡ 0 it is implied that p ≡ 0. This ensures that the macroscopic and micromorphic response are uncoupled.
The Finite Element approximation
The triangulation of the reference configuration B 0 into non-overlapping elements is denoted by T h B . The primary fields (the macroscopic motion ϕ, the micro-deformation F, and the electric potential ϕ) are approximated using finite element spaces of continuous piecewise polynomials of fixed, but potentially different, degree. The macroscopic motion ϕ ∈ H 1 (B 0 ), the micromorphic deformation F ∈ H 1 (B 0 ), and the scalar electric potential ϕ ∈ H 1 (B 0 ) are respectively given in a vector space spanned by the standard (i.e. C 0 -continuous) vector-, tensor-, and scalar-valued finite element basis functions (polynomials with local support), respectively denoted by N I ϕ , N I F and N I ϕ . That is, the primary field and their associated variations and δϕ ∈ H 1 0 (B 0 )) are given by
where superscript h indicates that the representation is related to the finite element mesh with size function h(X). Upright Greek letters are used to denote a global vector containing the degrees of freedom associated with one of the three primary field. The sets I ϕ and I F and I ϕ contain the degrees of freedom for the macroscopic, micromorphic and electric fields, respectively. The discrete representation of the gradients and variations of the primary fields follow directly as
Substituting the discrete representations (15)- (20) into the stationary condition Eq. (4), yields the following three sets of coupled non-linear residual equations to be satisfied:
The contributions to the residual equations on the boundary Γ 0 , i.e. the weak form of the Neumann boundary conditions (6)- (8) , are given by
The three global residual vectors, obtained by assembling the individual contributions from the residual expressions associated with the respective degrees of freedom (21)- (26) , are denoted by
and the global vectors of degrees of freedom by
The coupled nonlinear residual equations are solved approximately using a Newton-Raphson strategy whereby within each iteration (i) of the current load (time) step the linearised problem is given by
and ∆d (i) := d (i+1) − d (i) . When expressed in the form of a block system, the discrete problem at each iteration takes the form
The load step is deemed converged when the (normalised) magnitude of the incremental changes ∆d ϕ , ∆d F , and ∆d ϕ , together with the (normalised) magnitude of the residual vectors R ϕ , R F , and R ϕ , are below a defined tolerance 1. 12
The explicit reference to the current iteration counter is dropped henceforth. The matrix problem (27) is solved monolithically. The various contributions to the tangent matrix K associated with the degrees of freedom I ∈ {I ϕ , I F , I ϕ } and J ∈ {I ϕ , I F , I ϕ } are given by
Numerical examples
The finite element problem detailed in the previous section is implemented within the opensource library deal.II [36, 37] in conjunction with the linear algebra package Trilinos [42] . The automatic differentiation package ADOL-C [43] is used to evaluate the derivatives that appear in the expressions for the residual and tangent given in Sec. 3.
Tri-quadratic piecewise polynomials are used to approximate the (vectorial) macroscopic motion map ϕ h and the (tensorial) micromorphic deformation gradient F h . Tri-linear approximations are used for the (scalar) electric potential ϕ h . This is a non-standard choice for the problem of E-Elasticity where equal-order approximations are typically used for ϕ h and ϕ h [34] . We choose to break with convention to ensure that the flexoelectric contribution to the energy in Eq. (13) contains electrical and micromorphic terms of equal polynomial order. The challenge of determining the optimal functional setting for the problem of FM-Elasticity is discussed further in Sec. 5. 13
The default constitutive parameters used for the numerical examples, unless stated otherwise, are listed in Table 2 . To improve the scaling of the linear system (27), we adopt units of mm, N and kV. Initial conditions on the micro-deformation of F ≡ I are set, where I is the second-order micromorphic identity tensor. Homogeneous Neumann boundary conditions for the micromorphic traction, defined in Eq. (7), are assumed for all example problems. Body forces and free charge are ignored.
Parameter
Symbol We consider two three-dimensional example problems to elucidate the theory developed in the previous sections. The first is the problem of a strip with a hole, the second the bending of a cantilever beam.
Strip with hole: M-Elasticity
The objective of this example is to demonstrate the key features of M-Elasticity. Specifically, we examine the role that the ratio of the length scale to a characteristic dimension of the macroscopic problem L plays in the overall response of the structure. Recall that in the proposed formulation for FM-Elasticity, the micromorphic model captures scale-dependent effects and allows the gradient of the deformation gradient G = GradF to be approximated via its micromorphic counterpart G within a conventional C 0 -continuous finite element setting.
Consider the problem of a three-dimensional strip with dimensions L × L/3 × L/24, where L = 120, loaded in tension as depicted in Fig. 3(a) . A two-dimensional version of the problem was proposed by Hirschberger et al. [40] for the problem of M-Elasticity. An equal and opposite motion is prescribed on the upper and lower face in 5 equal steps. The final length of the deformed specimen is 3L/2. All other boundary conditions are of type homogeneous Neumann. The finite element mesh of the undeformed strip is shown in Fig. 4 . The symmetry of the problem is exploited to reduce the computational cost by simulating only one quarter of the domain. Following [40] , the penalty-like parameter is set to p ≡ 50µ for this example.
The final deformed shapes for five different choices of ∈ {0; L/12; L/6; L/3; L} are shown in Fig. 5 . The choice ≡ 0 corresponds to (nonlinear) Elasticity, see Fig. 2 . The response away from the hole is similar for all choices of as the deformation is essentially homogeneous in this region. The micromorphic effect is significant in the vicinity of the hole where the deformation is inhomogeneous. The horizontal and the vertical displacement of the points A and B, respectively, (see Fig. 3(a) ) are plotted against the prescribed displacement of the upper face ϕ pre y in Fig. 5 . Increasing the length scale, or equivalently reducing the specimen size, leads to a stiffer response.
The increase of strength with decreasing specimen size is the key feature of M-Elasticity. This behaviour will be inherited by the problems of EM-and FM-Elasticity, as discussed next. 
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Strip with hole: E-and FM-Elasticity
The problem of a strip with a hole has been used to demonstrate key features of models of E-Elasticity at finite deformations [see e.g. 46] . The objective here is to use this benchmark problem to illustrate differences between E-and FM-Elasticity. The problem of EM-Elasticity is not considered in this example problem for the sake of brevity. The boundary conditions are shown in Fig. 3(b) . A potential difference of 0.2 ≡ 2ϕ pre is applied between the upper and lower faces in five equal steps. The finite element mesh of the undeformed configuration is shown in Fig. 6 . As in Sec. 4.1, the symmetry of the problem is exploited. The length scale is fixed as ≡ L/3 and the penalty-like parameter is set to p ≡ 5000µ. The deformation induced by the applied potential difference is large, as shown in Fig. 6 . The results for E-Elasticity in Fig. 6 (a) match those presented by Vu et al. [46] . The FM-Elasticity problem, shown in Fig. 6(b) , highlights important differences between the models. The mechanical deformation in the vicinity of the hole differ significantly. This is a consequence of the micromorphic response in FM-Elasticity that occurs due to the inhomogeneous deformation field in this region, as shown in Sec. 4.1 for the problem of M-Elasticity. The differences between the theories are more clearly demonstrated in the plot of the horizontal and the vertical displacement of the points A and B, respectively, (see Fig. 3(b) ) against the time (load) step shown in Fig. 7 .
Bending of a micro-cantilever beam
Consider the microscale cantilever beam of dimensions L × L/10 × L/10 shown in Fig. 8 , where L = 100. The beam is fully fixed on the left face at X = 0, that is, the macroscopic displacement u = 0. A traction t pre 0 = −0.2E 2 is applied to the right face at X = L in a single load step. The electric potential ϕ = ϕ pre = 0 at X = 0. The setup is typical of that used to quantify the flexoelectric response [see e.g. 47, and the references therein]. The applied traction causes the cantilever to bend, thereby inducing a transverse strain gradient. The polarization due to the flexoelectric effect is then determined from the measurement of the potential difference between two metallic plates on the upper and lower faces of the beam, as indicated by points C and D in Fig. 8 .
M-Elasticity
The influence of the length scale on the vertical deflection of the beam u y due to the applied traction is investigated for the problem of M-Elasticity to determine the role of the micromorphic contribution in the absence of flexoelectric effects. The vertical deflection along the line A-B for ∈ {0; 0.25; 0.5; 0.75; 1; 2} is shown in Fig. 9 . The choice of ≡ 0 corresponds to (nonlinear) Elasticity. An increasing length scale (decreasing specimen size) leads to a stiffer response, as expected. As → 0 we recover the Elasticity response. 
EM-and FM-Elasticity
The length scale is now fixed as ≡ 1 (see Fig. 9 ) and the influence of the flexoelectric coefficient υ ∈ {0; 0.25; 0.5; 0.75; 1} on the response investigated.
The distribution of the potential along the horizontal line A-B and the vertical line C-D (see Fig. 8 ) is shown in Fig. 10 The problem is M-Elasticity. A plot of the deformed shape of the beam for the choices ≡ 0 (Elasticity) and ≡ 2 is also shown. The deformed shape is coloured by the magnitude of the displacement field.
Elasticity. For this case, and for the current choice of electric boundary conditions, the potential is zero in the beam. Choosing υ > 0 activates the flexoelectric effect. Increasing υ linearly scales the magnitude of the distribution of the potential over the beam. This response can be understood from the distribution of the micro-gradient G = GradF along the beam shown in Fig. 10 The micro-gradient G exhibits a concentration at X = 0 where the beam is macroscopically fully-constrained, see Fig. 10(c) and (d) . The macroscopic boundary condition results in a concentration in the macroscopic deformation field F and hence the micro-deformation F.
Notice, however, the discrepancy between |F− F| at the boundary shown in Fig. 10(c) . Recall 18 that the scale bridging energy ψ scale 0 in Eq. (11) contains the term [F− F]. The micro-deformation F is a field variable (a nodal quantity in the finite element description) while the deformation gradient F is computed from the displacement field and evaluated at the quadrature points of the finite element mesh. This mismatch leads to the inability to tie F to F more closely in the presence of a concentration in the macroscopic deformation field irrespective as to the choice of the penalty term p. Several choices for p were investigated and all produced similar behaviour. 
Discussion and conclusion
A novel micromorphic formulation for flexoelectricity has been presented. The formulation has been implemented within a conventional C 0 -continuous finite element setting. The Dirichlet principle has been applied to reveal the structure of the governing relations and the boundary conditions. The formulation allows for a spectrum of different model problems to be considered by the appropriate restriction of the constitutive parameters. Details of the finite element approximation have been given. The theory has been elucidated via a series of numerical example problems. The cantilever beam example demonstrated the complex interaction between the mechanical size effect and the flexoelectric response. 19
The influence of the free space surrounding the solid material has been ignored, as is often the case for piezoelectric materials [see e.g. 48]. This is not however the case for electro-active polymers where the free space contribution can be significant [49] , and was accounted for by Yvonnet and Liu [32] in their model of flexoelectricity. Therefore, the framework presented will be extended to consider the free space. The approach will follow our previous work on E-Elasticity [34] .
The current work presented a mathematical and numerical model for flexoelectricity. The numerical model has been validated for E-Elasticity and M-Elasticity using benchmark problems in the literature. The validation of the FM-Elasticity model against experiment is critical and will be considered in future work. This will allow one to decide on the correct form of the flexoelectric energy and the choice of the relevant constitutive parameters. Experimentally measured uncertainty in the geometry and the constitutive parameters of the fabricated components should be accounted for in the model.
The micromorphic framework presented could readily be extended to describe the converse flexoelectric effect via the introduction of a micromorphic electrical field E and its gradient G = GradE. The scale-bridging energy for the converse effect would involve the norm |E − E| and take a form similar to Eq. (11) . The form of the energy describing the converse flexoelectric effect would include G and some measure of the macroscopic deformation.
The choice of the optimal functional setting for the problem of flexoelectricity remains an open challenge. A careful mathematical and computational study will provide further insight and is recommended. This may also reveal an approach to better control the scale transition parameter in the vicinity of concentrations in the macroscopic fields.
